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Abstract. 

We prove that if / is a Lipschitz function on K, A and B are self-adjoint operators such that rank(A — B) = 1, 
then f(A) — f(B) belongs to the weak space Si,oo, i-e., Sj(A — B) < const(l ■ We deduce from this result 

that if A — B belongs to the trace class Si and / is Lipschitz, then f(A) — f(B) £ Sq, i.e., Sj(f(A) — f(B)) < 

const log (2 + n). We also obtain more general results about the behavior of double operator integrals of the form 
Q = JJ(f(x) — f(y))(x — y)~ 1 dEi(x)TdE2(y), where E\ and E2 are spectral measures. We show that if T € Si, then 
Q £ Sq and if rankT = 1, then Q £ Si, 00. Finally, if T belongs to the Matsaev ideal S u , then Q is a compact operator. 

Resume. 

Fonctions lipschitziennes d'operateurs perturbes. Nous demontrons que si / est une fonction lipschitzienne, 
A ct B des operateurs autoadjoints tels que rank(A — B) = 1, alors f(A) — f(B) £ Si, 00, c'est-a-dire Sj(A — B) < 
const(l + j) . Si A — B est dans la classe Si des operateurs a trace, nous montrons que f(A) — f(B) £ Sn, c'est-a-dire 
y~^"_ sj ( f(A) — /(B)) < const log (2 + n). Plus generalement, pour une fonction lipschitzienne / et pour des mesures 
spectrales Bi et B2, considerons l'integrale double operatorielle Q = ff(f{%) — f(y)){% ~ y)~ 1 dEi (x)TdE2 (y). Nous 
montrons que si T £ Si, alors Q £ Sq et si rankT = 1, alors Q £ Si,oo- Finalemcnt, si T appartient a l'ideal de Matsaev 
Sm, alors Q est un operateur compact. 

Version francaise abregee 

Dans cette note nous considerons les proprietes de f(A) — f(B), ou / est une fonction lipschitzienne 
sur la droite reelle R, A et B sont des operateurs autoadjoints (pas necessairement bornes) dont la 
difference A — B est "petite" . II est bien connu que si A — B appartient a l'espace S\ des operateurs 
nucleaires, l'operateur f(A) — f(B) n'appartient pas necessairement a Si. 

Nous demontrons que si A—B G Si et / est une fonction lipschitzienne, alors f(A)—f(B) appartient a 
l'ideal Sq defini comme l'ensemble d'operateurs T dont les nombres singuliers Sj(T) satisfont a l'inegalite 

n 

^Sj(T) < const log(2 + n), n > 0. 

3=0 

Pour demontrer ce resultat nous utilisons la formule de Birman et Solomyak 

f(A)-f(B)= ff UEtlM. dE A (x)(A-B)dE B (y), 
J J x-y 

ou Ea et Eb sont les mesures spectrales des operateurs A et B (la theorie des integrales doubles 
operatoricllcs est developpee dans les travaux [2], [3] et [4] de Birman et Solomyak). Nous etablissons 
un resultat plus general: si / est une fonction lipschitzienne, E\ et Ei des mesures spectrales et T un 
operateur de la classe Si, alors 



// 



I{X) fiy) dE 1 (x)TdE 2 (y)eS n . 



x-y 

Nous pouvons ameliorer les resultats ci-dessus dans le cas rankT = 1. En realite, dans ces cas 

lMjzJM dEl ( x )TdE 2 (y) G Si i00 d - (t : ||T|| Sl x d ^ sup Sj (T)(l + j) < oo}. 
x-y L j>o > 

Ce fait implique que si A et B sont des operateurs autoadjoints tels que rank(A — B) = 1, alors 
f(A) - f(B) e S hoo . 



En utilisant des arguments de dualite on peut montrer que si T appartient a l'ideal de Matsaev S w , 
c'est-a-dire 



alors J f (f(x) — f(y))(x — y)^ 1 dE\(x)TdE2(y) est un operateur compact. En particulier, si A et B sont 
des operateurs autoadjoints tels que A — B G S u , alors f(A) — f(B) est un operateur compact. 

Pour ctablir les resultats ci-dessus nous montrons que si \l et v sont des mesures boreliennes finies 

sur R, ip G L 2 (p), ip G L 2 (v), 

k(x, y) = <p(x) f(x) ~ m 4,(y), x,yeR, 
x — y 

et si 2^ : L 2 (v) — > L 2 (n) est l'operateur integral defini par (X^g)(x) = J k(x,y)g(y) dv(y), alors 

sup(l+i)s j (J fe ) < const ||/||Lip||/||z,2 (([l) ||V>||z,2 H . 

j>0 

En utilisant des arguments d'interpolation on peut demontrer que si T appartient a la classe de 
Schatten~von Neumann S p , 1 < p < oo, et e > 0, alors 

/ f (f(x) - f{y))(x - y)- 1 dE 1 (x)TdE 2 (y) G S p+E . 

En particulier, si A et B sont des operateurs autoadjoints tels que A—B G S p , alors f(A) — f(B) G 5 p+£ . 
La question de savoir si la condition T G Si implique que 

(/(*) - /(y))(^ - y)- 1 dE 1 (x)TdE 2 (y) G S li00 

est toujours ouverte. Une reponse positive impliquerait que, dans le cas 1 < p < oo, on a f(A) — f(B) G 
S p pour toute paire d'operateurs autoadjoints A, B dont la difference A — B appartient a S p . 

Finalcment nous voudrions signaler qu'on peut obtenir des resultats similaires pour les fonctions 
d'operateurs unitaires et pour les fonctions de contractions. 



1. Introduction 

In this note we study the behavior of Lipschitz functions of perturbed operators. It is well known 
that if / G Lip, i.e., / is a Lipschitz function and A and B are self-adjoint operators with difference 
in the trace class Si, then f(A) — f(B) does not have to belong to Si. The first example of such /, 
A, and B was constructed in [5]. Later in [7] a necessary condition on / was found (/ must be locally 
in the Besov space B\) under which the condition f(A) — f(B) G Si implies that f(A) — f(B) G Si. 
That necessary condition also implies that the condition / G Lip is not sufficient. 

On the other hand, Birman and Solomyak showed in [4] that if A — B belongs to the Hilbert- 

Schmidt class S 2 , then f(A) - f(B) G S 2 and \\f(A) - f{B)\\ Sa < \\f\\u P \\A - B\\s 2 , where ||/|| Lip 
sup^^^ | f(x) — f(y)\ ■ \x — Moreover, it was shown in [4] that in this case f(A) — f(B) can be 

expressed in terms of the following double operator integral 

f(A) f(B) = JI M I f y iy) dE A (x)(A B) dE B (y). (1) 

where Ea and Eb are the spectral measures of A and B. We refer the reader to [2], [3], and [4] for the 
beautiful theory of double operator integrals. Note that the divided difference (f(x) — f(y))/(x — y) is 
not defined on the diagonal. Throughout this note we assume that it is zero on the diagonal. 
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In this note we study properties of the operators f(A) — f(B) for (not necessarily bounded) self- 
adjoint operators A and B such that A — B has rank one or A — B G Si. Actually, we consider more 
general operators of the form 

I El ,E 2 (f,T) d ^ [[ M-M dEl{x)TdE2{y)i (2 ) 

J J x y 

where E\ and E 2 are Borel spectral measures on R and rank T=lorTeSi. Duality arguments also 
allow us to study double operator integrals (2) in the case when T belongs to the Matsaev ideal S u . 
Recall the definitions of the following operator ideals: 

5i l00 = {T : ||T||s li00 = sup Sj (T)(l + j) < oo}, 

n 

Sn = {T : ||T|| Sn ^ ( log(2 + „)) £ Sj (T) < oo}, 

3=0 

and 

SJ= 1 {T: ||T|| s /=l f £^<oo}. 

3=0 3 

It is well known that Si i00 is not a Banach space and its Banach hull coincides with Sn. Also recall 
that the dual space to S w can be identified in a natural way with Sn. 

Note that the recent paper [1] contains results on properties of f(A) — f(B) for / in the Holder class 
A a , < a < 1, and self-adjoint operators A and B with A — B in Schatten-von Neuman classes S p . 

2. Main results 

Theorem 2.1. Let f 6 Lip and let Ex and E 2 be Borel spectral measures on R. J/rankT = 1, then 
lE lt E 2 {f,T) e Si.oc and 

||^ 1>B2 (/,T)|| SliOC < const ||/||Li P im|. 
Theorem 2.1 immediately implies the following result. 

Theorem 2.2. Let f 6 Lip and let E\ and Ei be Borel spectral measures on R. If T G Si, then 
l El ,E 2 (f,T) e S n and 

\\l El ,E 2 {f,T)\\ Sa < const ||/||Lip||T|| Sl . 
By duality, we obtain the following theorem. 

Theorem 2.3. Let f G Lip, and let E\ and E 2 be Borel spectral measures on R. Then the transformer 
T i ► lE 1 ,E 2 (fi T) defined on S 2 extends to a bounded linear operator from S u to the ideal of all compact 
operator and 

\\Ie u e 2 U,T)\\ < const ll/H 

Lip || ^ [| • 

Using interpolation arguments, we can easily obtain from Theorem 2.2 the following fact. 

Theorem 2.4. Let f G Lip, and let Ex and E 2 be Borel spectral measures on R. Suppose that 
1 < p < oo and e > 0. IfTe S p , then l Eu E 2 (f, T) G S p+e . 

Birman-Solomyak formula (1) allows us to deduce straightforwardly from Theorems 2.1, 2.2, and 2.3 
the following theorem. 

Theorem 2.5. Let A and B be self-adjoint operators on Hilbert space and let f G Lip. We have 

(i) l /rank(A — B) = 1, then f(A) - /(B) G Si ;00 and \\f(A) - f(B)\\ Sl „ < const ||/|| L ipP - B\\; 

(ii) if A - B G Si, then f{A) - f(B) G S n and \\f(A) - f(B)\\ Sn < const ||/|| L i P ||A - B|| Sl ; 
(hi) ifA-Be S u , then f(A) - f(B) is compact and \\f(A) - f(B)\\ < const \\f\\ hip \\A - B\\ Sw ; 
(iv) if 1 < p < oo, e > 0, and A - B G S p , then f(A) - f(B) G S p+E . 
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It is still unknown whether the assumption T E Si implies that Z£ 1v e 2 (/, T) E S , i i00 - If this is true, 
then the condition A — B E S p would imply that f{A) — ,f{B) E S p for 1 < p < oo. 
To prove Theorem 2.1, we obtain a weak type estimate for Schur multipliers. 
For a kernel function £ L 2 (/i x i/), we define the integral operator l k ■ L 2 (v) — > L 2 {p) by 

(J k g)(x) = J k{x,y)g{y)dv{y), gEL 2 {v). 

As in the case of transformers from S\ to S\ (see [4]), Theorem 2.1 reduces to the following fact. 

Theorem 2.6. Let [i and v be finite Borel measures on R, ip E L 2 {[i), tp E L 2 {v). Suppose that 
f E Lip and the kernel function k is defined by 

k(x, y) = y{x) f{x) ~_ f{ - V) i>{y), x, y ER. 
x y 

Then the integral operator X k : L 2 (y) — ► L 2 {[i) with kernel function k belongs to Si.oo and 

||2fe||s li00 < const ll/H 

Lip II ^ II L 2 (/a) II V'll L 2 (v) ■ 

Proof. Without loss of generality we may assume that |M|l 2 0) = HV'IU 2 ^) = 1 an d ||/||Li P = 1- 
Let us fix a positive integer n. 

Given TV > 0, we denote by Pn multiplication by the characteristic function of [-N, N] (we use the 
same notation for multiplication on L 2 (p) and on L 2 {v)). Then for sufficiently large values of N, 

\\l k -P N l k P N \\s 2 <^. (3) 

Clearly, P^I^Pn is the integral operator with kernel function fcjy, kN{x, y) — XN(x)k(x, y)xjv(y), where 
Xn — X[-n.n] is the characteristic function of [-N, N]. We fix TV > 0, for which (3) holds. 

Consider now the points Xj, 1 < j < r, and yj, 1 < j < s, at which \i and v have point masses and 

\^{ Xj )\ 2 ^{ Xj } > 1 l<j<r, and MfcOfMlfe} > ^ 1 < j < s. (4) 
Clearly, r < n and s < n. We define now the kernel function fcj by 

k t (x, y) = u(x)k N (x, y)v(y), x, y E R, 

where 

u{x) d = 1 - X{x lt - ,x r }(x) and v{y) d = 1 - X { Vl ,- , Vs }(y)- 
Obviously, the integral operators T kN and I kfs coincide on a subspace of codimension at most r + s < 2n. 
We can split now the interval [-N, N] into no more than n subintervals I, I E J, such that 



f \ V (x)\ 2 u{x) dfi(x) + J \4>{y)\ 2 v{y) dv{y) 



4 

< -, IE 3. 

n 



This is certainly possible because of (4). 
We have I fc , = jW + 1^ + 1^ , where 



and 



(l {1) g)(x)= f [J2xi(x)k t (x,y)xi(y)) 9(y)dv(y), 

R ^3 ' 

{l {2) g){x) = j I Xi{x)h{x,y)xi{y)\g{y)du{y), 
i \i,Je3,ijij,\i\>\j\ J 

(l (3) g)(x) = ([ Y, Xi(x)k i (x,y)xi(y) \g{y)dv(y) 

i \l,J&,\I\<\J\ / 



(we denote by |/| the length of I). It is easy to see that H^ 1 ^^ < 4n 1 / 2 . Let us estimate X^ . The 

integral operator X^ can be estimated in the same way. 

Suppose that I, J e 3, I ^ J, and |/| > |J|. For x £ I and y e J, we have 

1 _ 1 + y-c(J) 1 



x — y x — c(J) x — c(J) x — y' 
where c( J) denotes the center of J. 

Suppose that g _L ip\J an d 9 -L ipfXJ- Then 2" 2 g = Ife b ff, where 

k(x,y)= E u(x)ip(x)au(x,y)i>(y)v(y) 

i,Je3,ijtj, \i\>\J\ 

and 

au{x, y) = xi{x) T~F\ XAV)- 

x - c(J) x - y 

Thus X^ and Xk b coincide on a subspace of codimension at most 2n. 
To estimate the Hilbert-Schmidt norm of Xk b , we observe that 



Thus 



laiAx > y)l - (\j\ + &!t(i,j)y - e/ '^ J - 
M 2 8a < E (/ M 2 «^) (/ \Tp\ 2 vdv) \\ aiJ \\i 

[ Id 141 Irlsl n / \J J / 



< 



i,Je3,ijtj, \i\>\j\ 
4 _ |J| 2 



E 



n /,Je3,7#j,|/|>|j| (|J| + dist(J,J))' 
Let us observe that for a fixed J G 3, 



|J|2 

E — 2 ^ const • ( 5 ) 

/ea,/#j,|/|>|j| (l J l +dist(I, J)) 

Indeed, we can enumerate the intervals I £ 3 satisfying I ^ J and |7| > |J| so that the resulting 
intervals Ik satisfy dist(/fc, J) < dist(// s +i, J). Since the intervals Ik are disjoint, we have 



dist(7 fe , J) > ^— V|. 



This easily implies (5). It follows that 



Similarly, X^ coincides on a subspace of codimension at most 2n with an operator whose Hilbert- 

1 /2 

Schmidt norm is at most 2 (C/n) ' . 

If we summarize the above, we see that Ik coincides on a subspace of codimension at most 6n with an 
operator whose Hilbert-Schmidt norm is at most Kn^ 1 / 2 , where if is a constant. Hence, on a subspace 
of codimension at most In the operator Xk coincides with an operator whose norm is at most K/n, i.e., 

S7n(Xk) <—, n>\, ■ 
n 

Note that in the case of operators on the space L 2 (T) with respect to Lebesgue measure on the unit 
circle T, the following related fact was obtained in [6] (see also [8]): if the derivative of / belongs to the 
Hardy class H 1 , tp and ip belong to L°°(T), and the kernel function k is defined by 

fc(C, r) = p(C) /( ^~ /(T W ), C, r 6 T, 
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then the integral operator X k on L 2 (T) belongs to Si. 2, i.e., ^Zj >0 {sj{Ik)) 2 {^ + j) < 00. 

To conclude the article, we note that similar results can be obtained for functions of unitary operators 
and for functions of contractions. 

Remark. After this article had been written we have been informed by D. Potapov and F. Sukochev 
that they had proved the following result: if / is a Lipschitz function, 1 < p < 00, and A and B are 
self-adjoint operators such that A — B € S p , then f(A) — f(B) 6 S p . 
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